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Abstract

In the semi-supervised learning (SSL) setting both labeled and unlabeled datasets
are available to the learning algorithm. While it is well-established from prior theo-
retical and empirical works that the inclusion of unlabeled data can help to improve
over the error of supervised learning algorithms, existing theoretical examinations
of SSL suggest a limitation: these algorithms might not efficiently leverage labeled
data beyond a certain threshold. In this study, we derive a tight lower bound for
2-Gaussian mixture model distributions which exhibits an explicit dependence on
the sizes of both the labeled and the unlabeled dataset. Surprisingly, our lower
bound indicates that no SSL algorithm can surpass the sample complexities of
minimax optimal supervised (SL) or unsupervised learning (UL) algorithms, which
exclusively use either the labeled or the unlabelled dataset, respectively. Despite a
change in the statistical error rate being unattainable, SSL can still outperform both
SL and UL (up to permutation) in terms of absolute error. To this end, we provide
evidence that there exist algorithms that can provably achieve lower error than
both SL and UL algorithms. We validate our theoretical findings through linear
classification experiments on synthetic and real-world data.

1 Introduction

Semi-Supervised Learning (SSL) has recently gained significant attention, often surpassing traditional
supervised learning (SL) methods in practical applications [} [8, 21]. Within this framework, the
learning algorithm leverages both labeled and unlabeled datasets sampled from the same distribution.
Numerous empirical studies suggest that SSL can effectively harness the joint information from both
datasets, outperforming both SL and unsupervised learning (UL) approaches [20, 139,116, 24]]. This
observation prompts the question: how fundamental is the improvement of SSL over SL and UL?

From a theoretical standpoint, this inquiry translates to determining if SSL algorithms genuinely
showcase enhancements in statistical error rates compared to SL and UL, or if the improvements are
simply of a constant factor. Our research focuses on this theoretical aspect in the context of linear
classification. Specifically, we contrast lower and upper bounds of the SSL error with established
rates for SL and UL for 2-Gaussian mixture models (GMMs) with two symmetrical components.
This investigation revolves around the question:

Can semi-supervised classification algorithms simultaneously improve
over the minimax rates of both SL and UL for 2-GMMs?

Previous upper bounds for SSL have focused on a regime where SSL improves the labeled sample
complexity compared to SL, while matching the unlabeled sample complexity of UL algorithms
[29.130L[17]). In this regime, the unlabeled data (i.e. information about the marginal P(X)) contains
information about the labeling function P(Y|X). Conversely, prior lower bounds have been restricted
to worst-case scenarios where SSL is equivalent to SL, where even oracle knowledge about the
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marginal P(X) fails to improve the error rates of SSL algorithms. In this regime, the marginal P(X)
does not carry any information about the labeling function P(Y'|X).

Intuitively, the utility of unlabeled data in SSL improving over SL hinges on the marginal distribution
P(X) carrying “any amount of” information about the conditional P(Y'|X). However, the above
mentioned upper and lower bounds are insufficient for providing general insights into the statistical
error rates of SSL since they focus on specific, disjoint, and extreme regimes. Therefore, in order to
answer the aforementioned motivating question, we derive the minimax rates for SSL over 2-GMMs.
As discussed in Section 3] the error rates are explicitly influenced by a specific measure — termed the
Signal-to-Noise Ratio (SNR) — which quantifies the amount of information the marginal distribution
P(X) offers about the labeling function P(Y|X). This allows us to analyze the whole spectrum
of problem difficulties for 2-GMMs, rather than just the extremes.

Our main contribution is the finding that SSL cannot simultaneously improve over the statistical rates
of both SL and UL. However, it is possible to improve upon the errors of SL and U]_E] by a constant
factor. Appendix [B] provides guarantees for an algorithm that achieves lower error than both SL and
UL algorithms. Finally, linear classification experiments on both synthetic and real-world datasets
confirm our theoretical findings. Furthermore, our empirical analysis reveals that other commonly
used SSL algorithms like self-training [38, [7]] may also be able to improve over both SL and UL,
underscoring the need for further theoretical analyses of these algorithms.

2 Problem setting and motivation

Before providing our main results, in this section, we discuss our problem setting, evaluation metrics,
and the types of learning algorithms considered in this paper.
2.1 Linear classification for 2-GMM data

Data distribution. We consider linear binary classification problems where the data is drawn from a
Gaussian Mixture Model consisting of two identical spherical gaussians with identity covariance and
uniform mixing weights. The means of the two components 8%, —8* are symmetric with respect to
the origin but can have arbitrary non-zero norm. We denote this family of distributions as P».gmm :=
{P&, : 0" € R%} where the joint probability is written as Py (X,Y) = P (X|Y)P(Y) with
P(Y) = Unif{—1,1} and Py (X|Y) = N(Y 0", I,)). 1)
This family of distributions has often been considered in the context of analysing both SSL [29}[17]
and SL/UL [22} 23} [37]) algorithms. For s € (0, 00), Pz(jg();MM C P>.gmm denotes the set of distributions
P&, with ||0*| = s. We consider algorithms .A that take as input a labeled dataset D; ~ (P)‘?;,)m

of size n;, an unlabeled dataset D,, ~ (Pf(*)”“ of size n,,, or both, and output an estimator =

A(Dy,D,) € R The estimator is used to predict the label of a test point z as § = sign ((é, x))

Evaluation metrics In this work, we consider two natural error metrics for this class of problems:
prediction error and parameter estimation errmﬂ For an estimator @ = A (D, D,,), we define

Prediction error: R (A (D1, D) 7P)?;) .= Pg;, (sign (<é, X>) ” Y) , ©)

With a slight abuse of notation, we write Rpreq (0*, P)?;,) to denote the prediction error of the Bayes
optimal linear classifier 8*. Since the distributions in P, gym are not linearly separable, and hence
suffer non-vanishing Bayes prediction error, we also consider the excess prediction error:

Excess prediction error: & (A (D1, D), P)?;) = Rpred (A (D1, D), P)?;) — Rired (0*, PX;) .

For the set of all classification algorithms 2, we study the minimax expected error over a family
of distributions P. This worst-case error over P indicates the limits of what is achievable with the
algorithm class 2(. For instance, the minimax expected excess error of 2 over P takes the form:

Minimax excess error: € (n;, n,, P) := }‘Iéfm sup E[€ (A(Di,Dy), Pxy)]- 3)
Pxy €P

2.2 Supervised, unsupervised, and semi-supervised learning

Based on the kind of available data, we distinguish between three kinds of learning settings and
the associated algorithms. Although our discussion is confined to the context of learning under
distributions in P, gmm, the underlying intuitions are applicable to a broader set of problems.

By referring to error of UL, we refer to prediction error up to sign, we formalise this as UL+
2See Appendix for more details regarding the estimation error bounds.
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1) SSL.  SSL algorithms, Aggy, utilise both labeled D; and unlabeled samples D,, to produce an
estimator Oss;, = Asst. (D;, D). The promise of SSL is that by combining labeled and unlabeled
data SSL can reduce both the labeled and unlabeled sample complexities compared to algorithms that
only use one either dataset. In Appendix [A.T|we give an overview of past error bounds for SSL.

2) S SL algorithms, represented by Ay, rely exclusively on the labeled dataset D; to yield an
estimator Os; = Asp. (D, 0). The minimax rate of SL for distributions from PQ(S();MM is known to be

given by esp (nl7 0,P,; GMM) =e’ /2 d for excess risk [23]] and eg;, (nl7 0, P, GMM) = n% for
estimation errorl Both are achieved by the mean estimator HSL = Z 1Y X,
3) UL UL algorithms, symbolised by Ayr, employ only unlabeled data to identify underlying

structures in the distribution. For distributions in P,_gymm, AuL can identify the Gaussian components
in the distribution, but without labeled data, it is unable to determine the class labels of the individual

components. Formally, UL algorithms output a set of estimators {éUL, fOAUL} = Ay (0,D,)
one of which is guaranteed to be close to the true 8*. The minimax rate (up to permutation) of

UL algorithms over 732 Gvm 1S given by eyr (0 Ny Py GMM) = e’ /2 - for excess risk and

€UL (0 Ny, Pz GMM) =

unsupervised estimator Oy, = 1/ (A — 1)40, where (), ) is the leading eigenpair of the sample

L for estimation error [23] 37]. These rates are achieved by the

covariance matrix 3 = ni Z;ZO X; X and we use the notation (z) := max(0, z).
To choose from the set {BUL, —OUL}, one can use a two-stage approach: i) run a UL algorithm Ayp

to estimate @* up to sign; then ii) use labeled data to select the best sign, e.g. via majority voting.
We refer to this class of two-stage algorithms as UL+, and denote it by Ayr,. These algorithms
operate essentially in the same setting as SSL. Both D; and D,, are available; however, labeled data
is exclusively used to ascertain the sign (or permutation of labels) of the estimator obtained using
unlabeled data. Several early analyses of semi-supervised learning focus, in fact, on algorithms that
fit the description of UL+ [29] 30].

UL+ algorithms are “wasteful”” SSL algorithms. As described above, UL+ algorithms follow a
precise structure where labeled data is used solely to select from the set of estimators output by a
UL algorithm. This approach, however, may not always achieve optimal error. Consider a scenario
where n,, is finite, but n; — oo. The error of a UL+ algorithm will, at best, mirror the error of a
UL algorithm with the correct sign (e.g. © (¢/n,,) for the excess risk). However, a more effective
use of the labeled dataset would be to employ a consistent SL or SSL algorithm, like self-training
[38, 9L [17], to obtain vanishing excess risk. Thus, despite using both labeled and unlabeled data,
UL+ algorithms bear a close resemblance to UL algorithms that only use unlabeled data.

2.3 Improvement rates for SSL
To understand whether an SSL algorithm is using the labeled and unlabeled data effectively, we
compare the error rate of SSL algorithms to the minimax rates for SL and UL+ algorithms.

Definition 1 (SSL improvement rates). For a family of distributions P, we define the improvement
rates of SSL over SL and UL+ as h; and h,, respectively, where

ha(nt, 7, P) = inf A, SUppy . ep E[€ (Asst (Di, Du) , Pxy)] (4)
A inf 45, supp,, ep E[€ (Ase (D1, 0) , Pxy)] ’
inf Ay, SUppy, ep E[€ (Asst (D1, Du) , Pxy)]

inf-Al/L+ Supry cpP E [8 (AUL+ (Dl? Du) 7PXY)] ’

hu(nlanuap) = (5)

where the expectations are over Dy ~ Py, and D,, ~ Py".

To simplify notation, we denote the improvement rates of SL and UL+ over 732(_‘2MM as hy(ng, ny, $)
and h,, (ng, ny, s), respectively. For SSL to demonstrate an enhanced error rate over SL and UL+, the
conditions limy,, ,,, —s 00 (11, My, P) = 0 and limy,, 1, 00 hy (121, My, P) = 0 must be satisfied.

3The notation f(x) = g(z) is equivalent to f = ©(g).
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SNR Regime Rate of growth of n,, vs n;  hy(ng, ny, 8)  hyu(ng, ny, 8)

s zo(«/l/nu) Any CsL 0

Ny = 0 () CsSL 0
fixeds >0 Ny = w(ng) 0 CUL
3 Ny 1 s2e
limy, p, 00 34 = € (W) CSL (@) CUL

Table 1: SSL improvement rates over SL and UL+ for different regimes of s and n,,, where h;, h,,
are evaluated for lim,,, ,,, —so0. cs1, and cyr, denote constants.

3 Minimax rates for SSL

In this section we provide tight minimax lower bounds for SSL algorithms and 2-GMM distributions

in Pz(_sC);MM. Our results indicate that it is, in fact, not possible for SSL algorithms to simultaneously
achieve faster minimax rates than both SL and UL+.

3.1 Excess risk minimax rate

We present a tight lower bound on the excess risk of a linear estimator obtained using both labeled
and unlabeled data. The formal conditions required by the theorem as well as the proofs of the lower
and upper bounds can be found in Appendix [E]

Theorem 1 (SSL Minimax Rate for Excess Risk). Let Py be a distribution from ’PZ(_S();MM. For any
s € (0,1), sufficiently large d and d < n; < n,, we have

) d
inf E[g( D, D), PE )]x = minds, — % 4 6
il sup BIEAsse (D1 D), Py )| = e Fmin g s o ©

where the infimum is over all the possible SSL alggrigzms that have accegs 1o both unlabeled and

s

labeled data and the expectation is over Dy ~ (PXY) and D,, ~ (Pf( ) .
A direct implication of the theorem is that egsp (nl,nu,Pz(_SéMM) =

min <€SL <nl, 0, Pz(_séMM> , EUL+ (nl, Ty Pz(_SG)MM)), i.e. the minimax rate of SSL is the same as

either that of SL or UL+, depending on the values of s, n,, and n;. We can conclude the following.

Remark 1. No SSL algorithm can improve the rates of both SL and UL+ for Pxy € ’PZ(_SG)MM.

In order to prove the theorem, we derive both a minimax lower bound for SSL, and a matching upper
bound. The proof of the upper bound is constructive. The algorithm that achieves the upper bound
simply chooses between using a (minimax optimal) SL or UL+ algorithm based on the values of
s,ny, and n,,, as shown in Algorithm We call this the SSL Switching Algorithm (SSL-S).
While the rates of either SL or UL+ cannot be improved further using SSL algorithms, it is nonetheless
possible to improve the error by a constant factor, independent of r; and n,,. To see this, in Appendix[B]
we describe an algorithm that uses both D; and D,, effectively and can hence achieve a provable
improvement in error over both SL and UL+

3.1.1 Fine-grained analysis of different improvement regimes for SSL
The observation in Remark [T|can be made formal using the improvement rates from Definition [T}
Corollary 1. Assuming the setting of Theorem([l) the improvement rates of SSL can be written as:

n
Improvement rate over SL: h; (n;,n,, s) < 712 @)
Ny + 8Ny,
s2n,
Improvement rate over UL+: h., (n;,ny,5) X ————. 8)
Ny + 8Ny,

We distinguish between the different scenario summarized in Table[T] based on the nature of the rate
improvement over SL and UL+. Noticeably, SSL cannot achieve better rates than both UL+ and SL
at the same time since there is no regime for which h; and h,, are simultaneously 0.

4 Conclusions and limitations

In this study, we demonstrate that SSL cannot simultaneously improve the error rates of both SL and
UL across all signal-to-noise ratios. Our theoretical analysis focuses exclusively on isotropic and
symmetric GMMs due to limitations in the technical tools used for the proofs. Similar constraints
can be observed in recent examinations of SL or UL algorithms [23] [37]].
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A Related work

Other theoretical analyses of SSL algorithms. Beyond the theoretical studies highlighted in Sec-
tion 2] there are a few others pertinent to our research. Specifically, Azizyan et al. [1], Singh et al.
[32] present upper bounds for semi-supervised regression, which are contingent on the degree to
which the marginal Px informs the labeling function. This is akin to the results we derive in this
work. However, obtaining a minimax lower bound for semi-supervised regression remains an exciting
direction for future work. We refer to [26] for an overview of prior theoretical results for SSL.

Balcan and Blum [4] introduced a compatibility score, denoted as x(f, Px) € [0, 1], which connects
the space of marginal distributions to the space of labeling functions. While their findings hint that
SSL may surpass the SL minimax rates, they offer no comparisons with UL/UL+. Moreover, the
paper does not discuss minimax optimality of the proposed SSL algorithms.

On another note, even though SSL does not enhance the rates of UL, Sula and Zheng [33]] demonstrate
that labeled samples can bolster the convergence speed of Expectation-Maximization within the
context of our study.

To conclude, Scholkopf et al. [31]] leveraged a causality framework to pinpoint scenarios where SSL
does not offer any advantage over SL. In essence, when the covariates, represented by X, act as
causal ancestors to the labels Y, the independent causal mechanism assumption dictates that the
marginal Px offers no insights about the labeling function.

Minimax rates for SL and UL. The proofs in this work rely on techniques used to derive minimax
rates for SL and UL algorithms. Most of these prior results consider the same distributional assump-
tions as our paper. Wu and Zhou [37] show a tight minimax lower bound for estimation error for
spherical 2-GMMs from P, gmm. Moreover, Azizyan et al. [2], Li et al. [23] derive minimax rates
over P>.gmm for classification and clustering (up to permutation).

In addition to the SL and UL algorithms considered in Section 3] Expectation-Maximization (EM) is
another family of algorithms that is commonly analyzed for the same distributional setting considered
in our paper. For instance, Wu and Zhou [37] rely on techniques from several previous seminal
papers [[11} 13 [13H15] to obtain upper bounds for EM-style algorithms.

A.1 Brief overview of prior error bounds for SSL

Upper bounds. The optimal condition for SSL is when both h; and h,, approach zero as n; — co.
There are numerous known upper bounds on the excess risk of SSL algorithms for P, gmm distribu-
tions. Nevertheless, existing results fall short of establishing that SSL algorithms can consistently
outperform both SL and UL+. Earlier bounds primarily match the UL+ minimax rates [29,[30] or
exhibit slower rates than UL+ [[17]]. In this work, we aim to discern if SSL can ever excel over the
minimax rates of both SL and UL+ within the P, gyy distribution family.

Lower bounds. To our knowledge, three distinct minimax lower bounds for SSL have been
proposed. Each suggests that there exists a distribution Pxy where SSL cannot outperform the SL
minimax rate. Ben-David et al. [6] substantiate this claim for learning thresholds from univariate data
sourced from a uniform distribution on [0, 1]. Gopfert et al. [19] expand upon this by considering
arbitrary marginal distributions Py and a “rich” set of realizable labeling functions, such that no
volume of unlabeled data can differentiate between possible hypotheses. Lastly, Tolstikhin and Lopez-
Paz [34] set a lower bound for scenarios with no implied association between the labeling function and
the marginal distribution, a condition recognized as being unfavorable for SSL improvements [31].

Each of the aforementioned results contends that a particular worst-case distribution Pxy exists,
where the labeled sample complexity for SSL matches that of SL, even with limitless unlabeled data.

Within the spherical 2-GMM distributions PZ(_S(%MM with ||0*|| = s, this “hard” setting (where SSL
and SL rates are equivalent) emerges for extremely low SNR s. Further insights on this topic are
available in Section m Prior lower bounds do not capture other levels of the SNR s, and hence,
cannot predict the best achievable error rate with SSL algorithms for moderate or large s.
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Figure 1: Estimation error gap between SSL-S and SSL-W as revealed by Theoremfor varying SNR and n;
(n. = 10000). The maximum gap is reached at the switching point, indicated by the vertical dashed lines.

B Finding better SSL algorithms

Section [3] shows that a simple algorithm that switches between the optimal SL and the opti-
mal UL+ algorithm achieves the minimax SSL rates discussed in Theorem@ However, the SSL
Switching algorithm, albeit optimal in terms of rates, does not take full advantage of all the available
data — it either uses only the labeled data for SL, or the unlabeled data and a small fraction of labeled
samples for UL+ .

In this section we describe a simple algorithm that has the desirable property that it utilises all the data
at its disposal. We argue that this algorithm can lead to strictly lower error than the SSL-S algorithm.
Unsurprisingly, this improvement is only in the constants and not in the actual learning rate for
which Algorithm [2]is already minimax optimal. We show experimentally that the proposed algorithm,
as well as other SSL algorithms such as self-training [38]], can improve over the error of SSL-S on
synthetic and real-world data. It remains an exciting direction for future work to characterize the
exact improvement of self-training algorithms over SL and UL+.

B.1 A weighted ensemble of éUL+ and QSL

A natural means to use both the labeled and unlabeled
datasets in an SSL algorithm is to construct an ensemble - -
of an SL and a UL+ estimator, trained on D; and D,,, re- Algorithm 1: SSL-W algorithm
spectively, where the influence of each estimator on the  Input:D;, D, ¢

final prediction is controlled by a hyperparameter ¢. We  Result: Ossi.w

call this the SSL. Weighted algorithm (SSL-W) shown  6s. < As.(Di)

in Algorithm[T] With an appropriate choice of the weight Ours — Auvis(Di, Du)

t, it is possible to show that the performance of the SSL-W  §¢q w(t) = t0s. + (1 — t)Bus
algorithm is better (up to sign permutation) than SSL-S.  return fgg; v (¢)

In practice, one can fix the sign permutation of the Oss. w
estimator using a small amount of labeled data. The formal statement of this result together with the
proof are deferred to Appendix [F] The intuition for this improvement is that the ensemble estimator
HSSL w achieves better error than the individual estimators that are part of the ensemble (i.e. HSL and

0UL+) which, in turn, determine the error of the SSL-S algorithm.

B.2 Empirical improvements over SSL Switching Algorithm

In this section we present linear classification experiments on synthetic and real-world data to show
that there indeed exist SSL algorithms that can improve over the error of the SSL Switching Algorithm.
For both synthetic and real-world data, we use OSL = 1 Z 1 Y; X; as the SL estimator and an
Expectation-Maximization (EM) algorithm for the UL method (see Appendix [G] for implementation
details). The optimal switching point for SSL-S and the optimal weight for SSL-W, as well as the
optimal ¢ penalty for logistic regression are chosen using a holdout validation set.
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Figure 2: Error gap between SSL-S/self-training and SSL-W on synthetic and real-world datasets.
The positive gap indicates that SSL-W and self-training outperform SSL-S (and hence, also SL and
UL+) for a broad range of n; values. See Appendix [E for more datasets.

Synthetic data. We consider data drawn from symmetric and isotropic 2-GMM distributions
P2, over R%. The unlabeled set size is set to 5000 and we vary the SNR s and the labeled set
size n;. Figures [2a] and [3a] show the gap between the SSL algorithms (i.e. SSL-W, SSL-S) and SL
or UL+ as a function of the SNR s and the labeled set size n;, respectively. There are two main
takeaways. First, for varying s and n;, SSL-W always outperforms SL and UL+, and hence, also
SSL-S, as suggested in Appendix Second, as argued in Section[3.1.1} SSL-S improves more
over UL+ for small values of the SNR s, and it improves more over SL for large values of the SNR.

Real-world data. We consider 10 binary classification real-world datasets: five from the OpenML
repository [35] and five 2-class subsets of the MNIST dataset [12]. For the MNIST subsets, we
choose class pairs that have a linear Bayes error varying between 0.1% and 2.5% We choose from
OpenML datasets that have a large enough number of samples compared to dimensionality (see
Appendix [G]for details on how we choose the datasets). The OpenML datasets span a range of Bayes
errors that varies between 3% and 34%.

In the absence of the exact data generating process, we quantify the SNR of the real-world datasets us-
ing the fraction of the Bayes error that is captured by UL using the spherical and symmetrical 2-GMM
Rpred (077 1,) —Roprea (G;ayes)

Rpred (O )Vd 7
where d is the dimension of the data, 85,,., is obtained via SL on the entire dataset and 6{;; determines
the predictor with optimal sign obtained via UL on the entire dataset.

In addition to SSL-S (Algorithm [2) and SSL-W (Algorithm [I)) we also evaluate the performance
of self-training, using a procedure similar to the one analyzed in Frei et al. [[17]. We use a logistic
regression estimator for the pseudolabeling, and train logistic regression with a ridge penalty in the
second stage of the self-training procedure. Note that an /5 penalty corresponds to input consistency
regularization [36] with respect to ¢5 perturbations.

parametric assumption for the distribution. More specifically, we use SNR =

Figure 3] shows the improvement in classification error of SSL algorithms (i.e. SSL-W and self-
training) compared to SL and UL+ . Figure 2] shows the gap between SSL-W (or self-training) and
SSL-S as the size of the labeled set varies. There is a broad spectrum of n; values for which the gap
is positive indicating that it is indeed possible to improve over the SSL Switching algorithm even for
data that does not follow the 2-GMM distribution that we consider in the theoretical analysis.

Furthermore, Figure|3|shows that the gap between SSL-W (or self-training) and SL or UL follows
the same trends as the synthetic experiments in Figure [3al This finding suggests that the intuition
presented in Appendix [B.T]carries over to more generic distributions, beyond just 2-GMMs.

C Parameter estimation error minimax rate

Beyond the tight lower bound on the excess risk we detailed in Section 3.1} we also formulate a lower
bound on the estimation error for the means of class-conditional distributions. This is especially
relevant when addressing linear classification of symmetric and spherical GMMs. In this setting, a

*We estimate the Bayes error of a dataset by training a linear classifier on the entire labeled dataset.
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Figure 3: Error gap between SL or UL and SSL-W for varying SNR. We see the same trends for both synthetic
and real-world data. Moreover, self-training also exhibits the same trend as Ossy-w.

reduced estimation error points to not only a low excess risk but also suggests a small calibration error
under the assumption of a logistic noise model [28]. The trend suggested by this result mirrors that
of Theorem [I] and the arguments presented in Section [3.1.1] also remain applicable to the estimation
error minimax rates. Similar to Theorem|[T} an optimal algorithm that matches the minimax error rate
is the SSL Switching algorithm presented in Algorithm 2] The formal conditions required for the
theorem to hold as well as the proofs can be found in Appendix

Let us define the estimation error as follows:

B} . 2
Estimation error: R.im (A (D1, Dy), PXY) = HO A

. ©)
2
Theorem 2 (SSL Minimax Rate for Parameter Estimation). Let P)?; be a distribution from Pz(_SG)MM.
For any s € (0,1], d > 2, and sufficiently large n; and n.,,, we have

. d
inf s E{Rm-mA D, D,), P2 ]xm’n S, ———— 7,
Ass Heﬁ\p:s v (Assi (D1, Du). Pty ) ' V ng + s%n,

where the infimum is over all the possible SSL algorithms and the expectation is over D; ~ (P)?;,)m
and D, ~ (P$)"™".

C.1 Proof sketch

For the estimation error lower bound, we use Fano’s method with the packing construction in Wu and
Zhou [37], who have employed this method to derive lower bounds in the context of unsupervised
learning. Similarly, for the excess risk we adopt the packing construction in Li et al. [23]]. Directly
applying Fano’s method to derive the lower bound for the excess risk poses a challenge, given that
the excess risk does not conform to the traditional framework of a (distribution-independent) metric.
To overcome this challenge, we use techniques introduced in Azizyan et al. [2]. These mathematical
tools make it possible to reduce the estimation problem to hypothesis testing by only using a property
reminiscent of the triangle inequality instead of metric axioms.

Since the algorithms have access to both labeled and unlabeled datasets in the semi-supervised setting,
KL-divergences between the marignal and the joint distributions show up together in the lower bound
after the application of Fano’s method, which is the key difference from its SL and UL counterparts.

The lower bounds reveal that the SSL rate is either determined by the SL rate or the UL+ rate
depending on s and the ratio of the sizes of the labeled and unlabeled samples. Hence, it follows that
an algorithm that chooses between an SL and an UL+ algorithm can match the minimax error rate for
SSL, for an appropriate choice of the switching point, that depends on s, n; and n,,. We further show
that selecting the optimal sign for the estimator returned by running UL using labeled samples only
adds an exponential term to the UL upper bound.

11
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D Proof of Theorem 2]
In this section we provide the proofs for the lower and upper bounds on the estimation error presented
in Theorem[2] We formalize the conditions under which Theorem[2]holds in the following assumption:

d>2,n, > O0(%)and n; > O(1%7x).

D.1 Proof of lower bound

We first prove the estimation error lower bound in - - -
Theorem[Z} As discussed in SectionZ} consider the Algorithm 2: SSL-S algorithm

2-GMM distributions from 772(_‘2MM, with isotropic Input:Di, Dy, s, Ast, Aur+

components and identical covariance matrices. Result: Oss.-s
) ) ) OsL « Asi(Dy)
Cons;;ier an arbitrary set of pre(;hctors M = .. < Aus(Du, D)
{0;};Z, and . We can apply Fano’s method [10] T/ a\V/A
to obtain that the following holds: if s < min { \ mpo (ﬁ) }
| GssLs =0

. / I
inf sup Ep,p, [Restim(ASSL(Dl,Du),P)?Y)} else if min{ /n%’ (%)1 4} cs< I

AssL |0+ |=s

|, Bssts,= Os.

M 0, 957w | D00 ™ 0y
1 . 1+ﬁzi:1D(P)dselPX ”PXOYZPXD )
> — min [|6; —6;] | 1 —

~ 245e[M] lbg@?ﬁ'—)s =0uL+

i#] return Oss;_ s

M ; -
L L+ 57 ity D (PR AP ) +nuD (PEIPL°)
= min [|; —6;] {1
e log(M)
i#]
(10)

1+ n; max D (Pei
L] XY

1
~ min ||6; — 6] | 1—
5 i,jel[?n” il

i#]

2] 0; ]
P2) + max D (PePE)

log(M) ’

Y

Y

where D (-||-) denotes the KL divergence. In Equa-

tion (10), we use the fact that the labeled and unla-

beled samples are drawn i.i.d. from Px and Pxy

and in Equation (II)) we upper bound the average

with the maximum.  The next step of the proof

consists in choosing an appropriate packing {6;}
1

and 6 on the sphere of radius s, i.e. 591' e §d-1,

that optimizes the trade-off between zhe minimum and the maxima in Equation (TI).

For the packing, we use the same construction that was employed by Wu and Zhou [37] for deriving
adaptive bounds for unsupervised learning. This construction has the advantage that it also leads to
a tight lower bound for the supervised setting. Let ¢y and Cj be positive absolute constants and let

M = {41, ...,1bpr} be a co-net on the unit sphere S?~2 such that we have |[M| = M > e“?, For
an absolute constant o € [0, 1] , we construct the following packing of the sphere of radius s in R%:

o]

and define 6y = [s, 0, ..., 0]. Note that, by definition, ||@; — 8,|| > cosa, for any distinct ¢, j € [M],
which lower bounds the first term in (TT)). Furthermore, ||@; — 8o|| < v/2as, for all i € [M].

In the next step, we upper bound the maxima in Equation (TT)). First, we write the KL divergence
between two GMMs with identitiy covariance matrices: we have that

. 1

D (P)?g, P;g;) = 5116: = 813 < a?s?, forall i = [M]. (12)

12
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Second, we can upper bound the KL divergence between marginal distributions, namely

D (Pgi Pgo), using Lemma 27 in Wu and Zhou [37]], which implies that:
0|16 1 L) 2.4 2.4
max D (PX’||PX°) < C max||—60; — —6||°s" <2Ca=s". (13)
1€[M] i€[M] S S

Plugging Equations (I2) and (T3) into Equation (TI)) we obtain the following lower bound for the
minimax error, which holds for any o < 1:

N =

inf sup EDz,'Du [Restim(-ASSL(Dl?D’U«)vP)?;)i| Z

AssL |16 || =s

1 1+ ns?a? + n,Cis*a?
coas |1 — .
Cod

1 Cod—1
’ 352n;+3C1 8%,

comes from how we have constructed the packing, which requires that oo < 1. Using this value for o
concludes the proof.

Minimizing over « yields the optimum value o = min

=

}, where the minimum

D.2 Proof of upper bound

We now prove the tightness of our lower bound by establishing the upper bound for the estimation
error of the SSL Switching algorithm presented in Algorithm[2] We choose the following minimax
optimal SL and UL+ estimators

. 1 &
Os1, = — Y; X 14
L= ; (14)
éUL+ = sign (é£éUL> éUL, with éUL = (5\ - 1)_;'_’[7, (15)

where (), ) is the leading eigenpair of the sample covariance matrix S = i Z?io X; XjT and we
use the notation ()4 := max(0, z). By [37], this UL estimator is known to match the minimax rate.
As the vanilla UL estimation problem is agnostic to the sign as discussed in section 2.2} in order to
classify, the UL+ estimator needs to choose a sign, which it does in a way that aligns better with the
SL estimator.

We first bound the expected error incurred by the UL+ estimator:

Proposition 1 (Fixing the sign of éUL). Consider the UL+ estimator éUL+ defined in Equation (13).
There exist universal constants C,C' > 0 such that for n,, > (160/s)?d

A d 12 (1—cn . [dloE(mu) y2
E[|\9UL+—9*||} SC\/;—FC/SB Srus? (L-co /T lud)?

The proof, given in Appendix [D.3] uses prior results for upper bounds for the UL estimator and
additionally characterizes the price that needs to be paid for selecting the best sign for Oy .

For the SL estimator g, we apply standard results for Gaussian distributions, to upper bound the
estimation error that holds for any regime of n, d.

. . d
By (pgy ) 10— 61] </ (16)

Using Equation (I6) and Proposition |1| and switching between 6, and Oy, according to the
conditions in Algorithm 2] picking the better performing of the two depending on the regime, we
can show that there exist universal constants C,cy > 0 such that for 0 < s < 1, d > 2 and
n., > (160/s)%d, we have

13
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[ 77n 2 (1—cn . /TToB(w) 2
|:HHSSLS — 0 ||:| < len{ 20 ! 0 *gnu ) }, (17)

where the expectation is over D; ~ (PXY) and D,, ~ P‘9 )

Matching lower and upper bound When n; > O(loggin”)), the first additive component dominates
in the last term in the right-hand side of Equation (I7). Basic calculations then yield that the expected

error of the switching algorithm is upper bounded by C’ min {s, 1/ wﬁ} for some constant C”,
which concludes the proof of the theorem.

D.3 Proof of Proposition|[i]
Recall that we consider the UL+ estimator éUL+ = sign (é&éUL) éUL and denote B =
sign (éSTLéUL) Now let 3 := sign(6* 'Oy, ) = arg ming. 4y 186y — 6|2
Note that we can write the expected squared estimation error of éUL+ as
E [[16uL. — 0" = E [ 360, — 6"
=E [1{3:5}”,3911 =07+ 15511560 + 0*||}
< E[Lg5_0) 1800 — 6°11] +E 1155, (1800 — 6" + 21j6"])]

<E[|88u - 0"]|] +25P(5 # 5). (18)

First, Wu and Zhou [37] established for this particular UL estimator that E {HBOAUL — 0 Hz} <
Moreover, the probability of incorrectly estimating the sign (permutation) can be written as

P(B#B) = P(s1gn (GSLOUL) #£ sign (G*TéUL>)’ where 6 ~ N(a*v iId)
(
(22

= P(Z > \/nZSQSC(éUL,B*)) where Z ~ N(0,1),

P

IN

sign(Z) # sign (0* OUL)) where Z ~ N (6], 6%, (OULOUL))

P

IN

7' > |6, 6* |) , where Z' ~ N(0, n—l(éJLéUL))

~ éT 0*
where S (OyL, 0%) = m herefore, for any A we have:

P(3# B) < P(Z > Vs (1~ A)) +P(Sc(Bur,0%) < 1 - A)
< emamst (-4 P(SC(éUL70*) <1- A),

where we used the Chernoff bound in the last step. Finally, setting A = cg+/ dlzzgir(;“) as a corollary
of Proposition 6 in Azizyan et al. [2] for n,, > (160/s)?d we have P (SC(éUL, 0*) <1-— A) <4,

— Ny

Therefore, for big enouhg n,,, we have the following upper bound on estimating the sign wrong

p(3 4.5y o (oo T, L

L
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Combining this result with Equation (I8) finishes the proof of the proposition, as we obtain

N d 162 (1—c . [AIoE) y2
E {||0UL+ —9*||] < C\/TvLC"se amus”(1=coy /=5 )"
52N,

E Proof of Theorem[l

In this section, we prove the minimax lower bound on excess risk for an algorithm that uses both
labelled and unlabelled data and a matching (up to logarithmic factors) upper bound.

E.1 Proof of lower bound

We first prove the excess error minimax lower bound in Theorem [T} there exist a constant C > 0
such that for any s > 0, n,,n; > 0 and d > 4, we have

. d
inf s E[g( Dy, D), P2 )} > Coe*?mind — % s\ 19
o B8 (A (DuDu) By )| 2 Coe™ Pomin g oo p (19)

where the expectation is over D; ~ (P£},)"" and D, ~ (P£")"™". Our approach to proving this
lower bound is again to apply Fano’s method [18]] using the excess risk as the evaluation method. The
reduction from estimation to testing usually hinges on the triangle inequality in metric space. As the
excess risk does not satisfy the metric axioms, as previously used in Azizyan et al. [2]], we can use
Markov’s inequality to obtain the same reduction and then use Fano’s inequality:

Let01,...,0M6@,M22,and7>0.lff0ralll§i7£j§Mandé,

£(0,P2) <~ implies €(0,P¢}) =7, (20)
then
inf ma E{ﬁ (A Dy, D ,P"i)} 21
./14$SL ZE[O)J{V[] SSL( ! ) XY @h
0; 0; 0; 0;
1+ max D (Px%/ Iny) +nymax D (PXI Py )
> 1-— al 77
=7 log ( M) )
where the expectation is over D; ~ (P)?g/) "and Dy ~ (P)?)
In order to then lower bound the testing problem, we again pick 6, ..., 8, to be an appropriate

packing, so that Condition (20) can be satisfied. For that purpose, we can simply use the construction
from Li et al. 23], which results in tight bounds for supervised and unsupervised settings. Let

p = (d—1)/6. By Lemma 4.10 in Massart [23]], there exists a set M = {11,..., s}, such that
l¥illo = p, ¥i € {0,1}47L, the Hamming distance § (v, ;) > p/2forall1 <i < j < M = |[M],
and log M > %bg% > dlog(6)/60 = c1d.

Define

[V = paZ
m={o,= |V

for some absolute constant «. Note that since ||6;]| = s and ||6; — 0;]|*> = 25 (i, ;), we have

7/%6/\;1}

2
1% < HOZ - 0j||2 < 2pa2 (22)
and
2 —pa? < 9;0]- < 5% —pa?/4. (23)
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First, we show that the excess risk satisfies Condition (20). As in the proof of Theorem 1 in Li et al.
[23], we have that for any 6,

2
E0,(0) + &o,(0) > 2606752/2%.
and thus for all ¢ and j # 4, it holds that

2 2 2 2
Eo,(0) < coe™” /2% = &g, (0) > coe™" /Q%. (24

Then since the condition in (20) is satisfied, we obtain

i g B [ (e 220287

> ,ﬂgize%aﬁ] E [5 (ASSL(DhDu)’ P)?i’)} (25)

1+ max D (PEAIPE ) + mas D (PP
17£] e

2

_s2/, P
> 2P g
= coe s log(M)

Next, we bound the KL divergence between the two joint distributions and between the two marginals
respectively in Equation (25)).
1

-
D (P |IPYy) = 516 = 6,113 < pa’. 26)

where the inequality follows from (22)). Using Proposition 24 in Azizyan et al. [2]], we bound the KL
divergence between the two marginals

) 070,
D(PEIPY ) <t (1—- 00 ) < ps2al. 27
(PEIIPE) 55 < ||0i||ej||> Spea @7

where the inequality follows from (23). Plugging (26) and into (23)) and setting
o =c min{cld_10g2 82}
- 8(pru + s?pna)’ p [
gives the desired result
. , d
inf sup Ep,p, {5 (ASSL (D1, Dy), P}?Y” pe e=%"/2 min { s} )

b
AssL 16.1=5 sny; + $3TLU

E.2 Proof of upper bound

Next, we prove the upper bound on the excess risk of the SSL switching estimator Oss1-s output by
Algorithm 2] with the supervised and unsupervised estimators defined in Appendix [D.2]to show the
tightness of Theorem[I] In particular, we show that there exist universal constants C', co > 0 such
that for 0 < s < 1, d > 2 and for sufficiently large n,, and n;,

sn; | s83ny,

b

P llog(nqy, 2
e [£(0ss.9] < et min {S, dlog(n) dlog(dn) =3+ (m(1-co ZHE) 1)}

where the expectation is over D; ~ (P£y)" and D, ~ (P§)"".

The proof follows the same arguments as the proof of in Appendix [D.2] where we instead use excess
risk upper bounds for SL and UL from Li et al. [23]].

In addition, we also use a result that follows from Proposition [I] to choose the sign of the UL+
estimator.

Note that the upper bound on the excess risk of Osgy g is matching the lower bound in (T9), up to
logarithmic factors. We conjecture that the logarithmic factors are an artifact of the analysis and can
be removed. For instance, it may be possible to extend results in Ratsaby and Venkatesh [29] that
bound the excess risk using the estimation error upper bound without incurring logarithmic factors.
However, their results are not directly applicable here.
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F Theoretical guarantees for the SSL. Weighted Algorithm

In this section, we show theoretically that the SSL-W procedure introduced in Appendix can
achieve lower squared estimation error (up to sign permutation) compared to SSL-S. This result
shows that it is possible to improve the error of the naive SSL-S algorithm by utilizing all the data
that is available.

For the purpose of the theoretical analysis, we consider a slightly different SSL-W estimator compared
to the one introduced in Section First, recall that for the classification problem we consider,
unsupervised learning produces a set of two feasible predictors {éUL, fOAUL} and cannot discern
between them without access to a (small) labeled dataset. We denote by 6¢;; the UL estimator with

correct sign, namely 67 := argming_ 4 4 1 E {HO - 9*||2} .

In what follows, we study theoretically the error of the SSL-W estimator constructed using 8y , i.e.

051 w(t) :==t0s. + (1 —t)0{;.. Therefore, our result characterizes the error of the SSL-W estimator
up to a sign permutation. To choose the correct sign, one needs only a small labeled dataset, similar in
size to what is prescribed by Proposition[I] While this step is not captured by Proposition[2] SSL-S is
unlikely to close the gap to SSL-W when provided with this small amount of additional labeled data.

We can now state Proposition[Z2] which shows that there exists an optimal weight for which the SSL-W
predictor achieves lower estimation error than the SSL Switching predictor, fsgy s.

Proposition 2. Consider a distribution P2y, € 772(_8();MM and let d > 2, and ny,n,, > 0. Let 0%, /(")
be the SSL-W estimator introduced above. Then there exists a t* € (0, 1) for which

E l:HéSSL-S - g*’ﬂ _E {HQ;SL_W(LL*) _ ‘9*H2} — min {T, i} E [HH;FSL_W(t*) B 0*”2} R

E[I65.—6"11%]

—t—=———37, and the expectations are over Dy ~ (P)?;)m y Dy ~ (P;‘}*)n".
e [[}ow—o- ]

where r =

Since the RHS of Equation (28)) is always positive, 8gq; v (t*) always outperforms Bssis as long as
the conditions of Proposition 2] are satisfied. The magnitude of the error gap between SSL-S and
SSL-W depends on the gap between SL and UL+ (see Figure[I)). The maximum gap is reached for

. 2
E [||t9[*JL — 0" HQ} ~E [HOSL - 0" ] when SSL-W obtains half the error of SSL-S.

F.1 Proof of Proposition 2]

The first step in proving Propositionis to express the estimation error of éSSL_W(t*) in terms of the

estimation errors of éSL and éUL+ which is captured by Lemma

Lemma 1. Let 6, and 0, be two statistically independent estimators of 0* € R? and let 0; be

unbiased, i.e. E [él} = 0*. Then, the expected squared error of the weighted estimator 0y =
E[l162—6"11%]

[161—6~ 12| +E[[|62—6~ 2]

01 + (1 — t*)6, with t* = = is given by

-1
1 1

16— E[10.— 01

E (16 —67|12] =

We can apply Lemma since és]_ is unbiased and és]_ and éUL+ are trained on D; and D,, respectively,
and hence, are independent. The proof then follows from calculating the difference between the

harmonic mean and the minimum of estimation errors of éSL and éUL+. Letxz,y € Ry and w.l.o.g.
assume = < y. Then we have:

-1 2
1 1
x—(—i—) L >z oxy

zy o4y vty yr+y
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Choosing - min{E[||éUL+—B*HQ},E[HéSL—H*H?]} and -

max{E[||éUL+ — %], E[|s. — 0*\|2}} finishes the proof and yields the desired result for
o Elleer]
E[16:—6~[I12]+E[[I62—6~ 2]

Remark. Note that this lemma holds for arbitrary distributions and estimators as long as they are
independent and one of them is unbiased. Therefore, future results that derive upper bounds for SL
and UL+ for other distributional assumptions and estimators can seamlessly be plugged into Lemmal[T]

By the same argument, OssL.w obtained by other SL and UL+ estimators can also be expected to
improve over the respective SL and UL+ estimators, given that one of them is unbiased.

F.2 Proof of Lemmalll

By definition of ét* , we have

E [||ét* - e*||2} —E [||t*é1 + (1=t — e*||2}
—E[0710: = 0°)2 4+ (1= )76z — 6% + 26 (1 — 1) (61 — 6")T (6 — 6")]
—E[t16: - 672+ (1 — )62 - 07|7]

where the last equality holds due to the independence of 6; and 6 and the unbiasedness of ;.

_ E6o-07?
E[[: -6~ 2+E[;—6" |2’

Plugging in t* = we get
E[62 — 6°|°
E[|6, — 6> + E[6> — 62

o 2
E||61 — 6% A
b Ho=ol E|l6, — 6|
E[|6: — 6** + |6 — 67|

E||6: — 6°|°E[|6 — 6°|”
E[|6, — 0*[|* + E||62 — 02
1

1 1 :
_ + —
E[l01—6~]2 ~ E[|62—6~|2

2
EHét* _ 0*“2 — < ) E”él — 0*”2

G Simulation details

G.1 Methodology

We split each dataset in a test set, a validation set and a training set. The unlabeled set size is fixed
to 5000 for the synthetic experiments and 4000 for the real-world datasets. The size of the labeled
set n; is varied in each experiment. For each dataset, we draw a different labeled subset 20 times
and report the average and the standard deviation of the error gap (or the error) over these runs. The
validation and the test set have 1000 labeled samples each.

We use logistic regression from Scikit-Learn [27] as the supervised algorithm. We use the validation
set to select the ridge penalty for SL. For the unsupervised algorithm, we use an implementation of
Expectation-Maximization from the Scikit-Learn library. We also use the self-training algorithm from
Scikit-Learn with a logistic regression estimator. The best confidence threshold for the pseudolabels
is selected using the validation set. Moreover, the optimal weight for SSL-W is also chosen with the
help of the validation set. We give SSL-S the benefit of choosing the optimal switching point between
SL and UL+ by using the test set. Even with this important advantage, SSL-W (and sometimes
self-training) still manage to outperform SSL-S.
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G.2 Details about the real-world datasets

Tabular data. We select tabular datasets from the OpenML repository [35] according to a number
of criteria. We focus on high-dimensional data with 100 < d < 1000, where the two classes are
not suffering from extreme class imbalance, i.e. the imbalance ratio between the majority and the
minority class is at most 5. Moreover, we only consider datasets that have substantially more samples
than the number of features, i.e. % > 10. In the end, we are left with 5 datasets, that span a broad

range of application domains, from ecology to chemistry and finance.

To assess the difficulty of the datasets, we train logistic regression on the entire data that is available,
and report the training error. Since we train on substantially more samples than the number of
dimensions, the predictor that we obtain is a good estimate of the linear Bayes classifier for each
dataset.

Furthermore, we measure the extent to which the data follows a GMM distribution with spherical
components. We fit a spherical Gaussian to data coming from each class and use linear discriminant
analysis (LDA) for prediction. We record the training error (of the best permutation). Intuitively,
this is a score of how much our assumption about the connection between the marginal Px and the
labeling function P(Y|X) is satisfied. In Figure 3| we rank datasets by SNR using the following

. . _ Rpred(BGL)_Rpred(egayes)
formula to estimate SNR: SNR = Rpea(83pe) VA

and 6{;; the LDA classifier described aboveE] If the data distribution is very similar to an isotropic
GMM (i.e. Rpred(0) < 0.1), then we simply take the linear Bayes error as the estimate of the SNR.

. where 6, is the linear Bayes classifier

Image data. In addition to the tabular data, we also consider a number of datasets that are subsets
of the MNIST dataset [22]. More specifically, we create binary classification problems by selecting
class pairs from MNIST. We choose 5 classification problems which vary in difficulty, as measured
by the Bayes error, from easier (e.g. digit O vs digit 1) to more difficult (e.g. digit 5 vs digit 9).
Table 2] presents the exact class pairs that we selected. To make the problem more amenable for linear
classification, we consider as covariates the 20 principle components of the MNIST images.

Dataset name d  Linear classif. training error  LDA w/ spherical GMM training error
mnist_0v1 784 0.001 0.009
mnist_1v7 784 0.006 0.036
madeline 259 0.344 0.381
philippine 308 0.240 0.318
vehicleNorm 100 0.141 0.177
mnist_5v9 784 0.024 0.045
mnist_5v6 784 0.024 0.042
a%a 123 0.150 0.216
mnist_3v8 784 0.042 0.105
musk 166 0.037 0.270

Table 2: Some characteristics of the datasets considered in our experimental study.

H More experiments

In this section we present further experiments that complement Figure 2] and indicate that the SSL
Weighted algorithm (SSL-W) can indeed outperform the naive baseline of the Switching algorithm
(SSL-S) on other real-world datasets. The extent of the error gap is determined by the % ratio as well
as the signal-to-noise ratio that is specific to each dataset. In addition, we also show that self-training
can outperform SSL-W in some scenarios. While in this work we provide guarantees only for SSL-W,
it remains an exciting direction for future work to provide an analysis of self-training that can indicate
when it performs best.

5Note that we refer to the LDA estimator as UL since we use it as a proxy to assess how well unsupervised
learning can perform on each dataset.
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Figure 4: Error gap between SSL-S/self-training and SSL-W on real-world datasets. The positive gap indicates
that SSL-W (and, in turn, self-training) outperforms SSL-S (and hence, also SL and UL+) for a broad range of
n; values.
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